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Abstract

Two dynamical systems describing the circadian fluctuation of two proteins (PER and TIM) in cells are compared. A
simplified model with two variables has already been investigated. Detailed study of the possible bifurcation has been car-
ried out. Periodic solutions of the differential equations with 24-h period have been obtained numerically. Here the general,
more realistic model having three variables is investigated. The possible phase portraits and local bifurcations are studied
in detail. The saddle-node and Hopf-bifurcation curves are determined in the plane of two parameters by using the para-
metric representation method. Using these curves the number and the type of the stationary points can be determined. The
relation of the two bifurcation curves and the Takens–Bogdanov bifurcation points are also studied. The bifurcation
curves are compared to those obtained for the simplified two-variable system.
� 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Several organisms show circadian rhythms of physiology and behavior. It is entrained to the 24-h cycle of
light and darkness, but it persists under constant conditions. Later discoveries show that there is an internal
biological clock at molecular level. Two proteins (PER and TIM) are thought to be responsible for this
mechanism.

A model for this phenomenon was introduced by [1]. Tyson et al. [2] introduced a new positive feedback
loop into the original model, which consist of six state variables. The six variables are concentrations of
per and tim mRNAs, PER and TIM monomers and PER/TIM dimers in the cytoplasm and nucleus. Similar
time courses appear in the concentration of PER and TIM and the concentration of their mRNAs. The con-
centration of dimer in the cytoplasm and in the nucleus are in rapid equilibrium, thus the six-variable model
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can be reduced to three differential equations in which the state variables are the concentration of mRNA (M),
the protein (P1) and the dimer (P2) [2]:
_M ¼ mm

1þ P 2

P c

� �2
� kmM ; ð1Þ

_P 1 ¼ mpM � k1P 1

J p þ P 1 þ rP 2

� k3P 1 � 2kaP 2
1 þ 2kdP 2; ð2Þ

_P 2 ¼ kaP 2
1 � kdP 2 �

k2P 2

J p þ P 1 þ rP 2

� k3P 2: ð3Þ
Eq. (1) includes the inhibition of the mRNA transcription by the dimer, and we have the degradation of the
mRNA. The reaction constants k1; k2; k3 are related to the phosphorylation and the reaction constants ka; kd

belong to the dimerization process. The Michaelis–Menten kinetics is used for the DBT (kinase encoded by the
double-time gene) catalyzed phosphorylation process for both monomer and dimer. The ratio of enzyme sub-
strate dissociation constant is r.

Supposing that the dimerization reaction is fast, the monomer (P1) and the dimer (P2) are in equilibrium
with each other, that is P 2 ¼ KP 2

1. With notations
p ¼ P 1 þ 2P 2; m ¼ M ; K ¼ ka=kd ; r ¼ 2
and using the approximation k1 � k1 � k2 the system can be reduced to the following two differential equations
[2,3]:
_m ¼ ĥ1ðpÞ � kmm; ð4Þ
_p ¼ mpm� k1ĥ2ðpÞ � ĥ3ðpÞ; ð5Þ
where m and p are the concentrations of mRNA and protein, respectively; ĥ1ðpÞ; ĥ2ðpÞ; ĥ3ðpÞ are functions of
p, as defined in [3].

This two-variable model was studied by Simon and Volford in detail in [3]. They made systematic numerical
investigations to determine the saddle-node and Hopf-bifurcation curves, and using these the number and the
type of the stationary points. The period of the limit cycles for different values of parameters was studied there
as well. They also determined the global bifurcation diagram, which is a system of bifurcation curves that
divides the parameter plane into regions according to topological equivalence of global phase portraits.

Our system (1)–(3) consists of three variables and 11 parameters. To investigate the model we will apply the
parametric representation method (PRM) [4,5], hence two appropriate parameters, mp and k1 – involved lin-
early – will be used as control parameters, the other nine will be fixed. The values of the parameters are taken
from [2]. We will give the D- and H-curves in parametric form by the PRM [4,5] in Sections 2 and 3. We will
also determine the qualitative shape of these curves and determine how the curves change if the parameters are
varied. We also discuss the connection between these curves, especially the common points of the two curves
the Takens–Bogdanov bifurcation points will be determined. In Section 4 we study the number and type of the
stationary points. In Section 5 the two and the three-variable model are compared from the bifurcation point
of view.
2. The D-curve

Let us determine the stationary points of the system (1)–(3). From Eq. (3) we can get the following qua-
dratic equation for P2
rðkd þ k3ÞP 2
2 þ h0ðP 1ÞP 2 � ðJ p þ P 1ÞkaP 2

1 ¼ 0; ð6Þ
where
h0ðP 1Þ ¼ �karP 2
1 þ ðkd þ k3ÞðJ p þ P 1Þ þ k2:



B. Nagy / Applied Mathematical Modelling 32 (2008) 1587–1598 1589
Hence (6) can be solved for P2. Since P2 denotes the concentration of the dimer, we discard the negative
solution.

Thus introducing the notation
P 2 ¼ h1ðP 1Þ :¼
�h0ðP 1Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

0ðP 1Þ þ 4rðkd þ k3ÞðJ p þ P 1ÞkaP 2
1

q
2rðkd þ k3Þ

: ð7Þ
We can express M from Eq. (1) in terms of P1.
M ¼ h2ðP 1Þ :¼ mmP 2
cðkmðP 2

c þ h2
1ðP 1ÞÞÞ�1

: ð8Þ

Substituting P2 from (7) and M from (8) into (2), it is possible to reduce the three equations of the stationary
points to
mph2ðP 1Þ þ k1h3ðP 1Þ þ h4ðP 1Þ ¼ 0; ð9Þ

where we used the following notations:
h3ðP 1Þ ¼ �
P 1

J p þ P 1 þ rh1ðP 1Þ
; h4ðP 1Þ ¼ �k3P 1 � 2kaP 2

1 þ 2kdh1ðP 1Þ:
Once the P1 coordinate of a stationary point is known from Eq. (9), the other two coordinates can be deter-
mined from (7) and from (8). One can see, that if P1 is positive, then P2 and M is positive as well. Hence, the
number of stationary points of system (1)–(3) with three positive coordinates is the same as the number of
positive solutions of Eq. (9) for P1. The number of solutions can only change if the derivative of (9) is also zero
mph02ðP 1Þ þ k1h03ðP 1Þ þ h04ðP 1Þ ¼ 0: ð10Þ

Eqs. (9) and (10) determine the singularity set S
S ¼ fðmp; k1Þ 2 R2 : 9P 1 P 0 solution of ð9Þ; ð10Þg:

This set can be described by the parametric representation method, that is the singularity set can be param-
etrized by P1. We can solve (9) and (10) for mp and k1
mp ¼ D1ðP 1Þ :¼ h04ðP 1Þh3ðP 1Þ � h03ðP 1Þh4ðP 1Þ
h2ðP 1Þh03ðP 1Þ � h02ðP 1Þh3ðP 1Þ

; ð11Þ

k1 ¼ D2ðP 1Þ :¼ h02ðP 1Þh4ðP 1Þ � h04ðP 1Þh2ðP 1Þ
h2ðP 1Þh03ðP 1Þ � h02ðP 1Þh3ðP 1Þ

: ð12Þ
This solution is the parametric form of S, that will be called D-curve.
We can get the number of solutions of (9) using the tangential property and the convexity property, which

are stated and proved in a more general form in Theorem 2 of [4].

Lemma 1 (Tangential property). The number P 1 P 0 is a solution of Eq. (9) for the parameter values mp and k1 if

and only if a tangent line can be drawn from the point ðmp; k1Þ to the D-curve at the point DðP 1Þ.

Lemma 2 (Convexity property). The D-curve consists of convex arcs that join with common tangent or asymp-

tote. The convexity of the separate arcs means that they lie on one side of the tangent line belonging to any point

of the arc.

Next we will study the qualitative shape of the D-curve. We studied the effects of varying parameters. Our
numerical investigation shows that P c; ka; kd ; J p, and also r can cause qualitative changes in the shape of the
D-curve. Our aim is to compare the curves in the two- and three-variable model, we investigate only parameter
Pc in detail.

The shape of the D-curve is determined by the numerators and denominators of mp in (11) and k1 in (12).
Studying the numerators, we will need the following derivatives and propositions. The statements in Propo-
sition 3–5 are valid for all values of the parameters. To simplify calculation, we introduce some new notations
a ¼ kd þ k3, b ¼ J p þ P 1, c ¼ kaP 2

1. Using these notations we have
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h0ðP 1Þ ¼ k2 þ ab� rc; ð13Þ
h00ðP 1Þ ¼ a� 2rkaP 1; ð14Þ

h1ðP 1Þ ¼
�h0ðP 1Þ þ dðP 1Þ

2ra
;

h01ðP 1Þ ¼
�h00ðP 1ÞðdðP 1Þ � h0ðP 1ÞÞ þ 2rakaP 1ð2bþ P 1Þ

2radðP 1Þ
; ð15Þ

h02ðP 1Þ ¼ �
2mmP 2

ch1ðP 1Þh01ðP 1Þ
kmðP 2

c þ P 2
2Þ

2
;

h03ðP 1Þ ¼
rP 1h01ðP 1Þ � rh1ðP 1Þ � J p

ðJ p þ P 1 þ rh1ðP 1ÞÞ2
;

h04ðP 1Þ ¼ �k3 � 4kaP 1 þ 2kdh01ðP 1Þ:
where
dðP 1Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

0ðP 1Þ þ 4rabc
q

: ð16Þ
The following estimate will be frequently used:
h0ðP 1Þ < dðP 1Þ < h0ðP 1Þ þ 2rc: ð17Þ

The left inequality follows from 4rabc > 0. The right one can be verified as follows:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h2
0ðP 1Þ þ 4rabc

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

2 þ 2k2ðab� rcÞ þ ðabþ rcÞ2
q

<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2

2 þ 2k2ðabþ rcÞ þ ðabþ rcÞ2
q

¼ h0ðP 1Þ þ 2rc:
Proposition 3. For all P 1 > 0 we have h1ðP 1Þ > 0 and h01ðP 1Þ > 0.
Proof. The positivity of h1ðP 1Þ follows from (17). To prove the second statement, we distinguish two cases.
First, we assume, that h00ðP 1Þ 6 0. Then using (17) we have that every term in the right hand side of (15) is
positive hence h01ðP 1Þ > 0. Now we assume that h00ðP 1Þ > 0. Then (17) implies
�h00ðP 1ÞðdðP 1Þ � h0ðP 1ÞÞ > �2rch00ðP 1Þ: ð18Þ

Substituting (14) and (18) into (15), we get
h01ðP 1Þ >
�h00ðP 1Þ2rcþ 2rakaP 1ð2bþ P 1Þ

2ra
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

0ðP 1Þ þ 4rabc
q ¼ 4rkaP 1ðrcþ abÞ

2ra
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2

0ðP 1Þ þ 4rabc
q > 0;
which completes the proof of Proposition 3. h

Proposition 4. For all P 1 > 0 we have kaP 2
1 � kdh1ðP 1Þ > 0.

Proof. From (17) we have �h0ðP 1Þ þ dðP 1Þ < 2rc yielding
h1ðP 1Þ ¼
�h0ðP 1Þ þ dðP 1Þ

2ra
<

c
a
¼ kaP 2

1

kd þ k3

<
kaP 2

1

kd
;

which was to be proved. h

Proposition 5. For all P 1 > 0 we have 2kaP 1 � kdh01ðP 1Þ > 0.

Proof. A tedious but straightforward calculation shows that
abþ rc� k2 þ
2k2a

2rkaP 1 þ a
< dðP 1Þ:
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This implies
ðk2 þ ab� rcÞða� 2rkaP 1Þ þ 2rakaP 1ð2bþ P 1Þ < ð2rkaP 1 þ aÞdðP 1Þ:
Using (13) and (14)
h0ðP 1Þh00ðP 1Þ þ 2rakaP 1ð2bþ P 1Þ < ð4rkaP 1 þ h00ðP 1ÞÞdðP 1Þ
therefore
�h00ðP 1ÞdðP 1Þ þ h0ðP 1Þh00ðP 1Þ þ 2rakaP 1ð2bþ P 1Þ
2rdðP 1Þ

< 2kaP 1
hence
h01ðP 1Þ <
2kaP 1

a
¼ 2kaP 1

kd þ k3

<
2kaP 1

kd
;

which was to be proved. h

Proposition 6. For all P 1 > 0 we have 0 < P 1h01ðP 1Þ � h1ðP 1Þ < kaP 2
1=kd .

Proof. Dividing the inequalities by P 2
1 the statement takes the form
0 < m0ðP 1Þ <
ka

kd
; ð19Þ
where
mðP 1Þ ¼
h1ðP 1Þ

P 1

:

Dividing (6) by P 2
1 we get
arm2ðP 1Þ þ
h0ðP 1Þ

P 1

mðP 1Þ � ðJ p þ P 1Þka ¼ 0:
Differentiating this equation and using (16)
m0ðP 1Þ ¼
kaP 3

1 þ karP 2
1h1ðP 1Þ þ ðaJ p þ k2Þh1ðP 1Þ

dðP 1ÞP 2
1

: ð20Þ
This obviously shows that m0ðP 1Þ > 0. Tedious but straightforward calculation shows that m0ðP 1Þ < ka
kd

. We
note that the last inequality does not hold for all values of the parameters. h

Let us denote the numerator of mp in (11) by F ðP 1Þ, and the numerator of k1 in (12) by GðP 1Þ.

Lemma 7. For all P 1 > 0 we have F ðP 1Þ > 0 and GðP 1Þ > 0.
Proof. After some calculation we get
F ðP 1Þ ¼ h04ðP 1Þh3ðP 1Þ � h03ðP 1Þh4ðP 1Þ

¼ 2J pðkaP 2
1 þ kdh1ðP 1Þ � kdh01ðP 1ÞP 1Þ
ðJ p þ P 1 þ rh1ðP 1ÞÞ2

þ ðP 1 þ rh1ðP 1ÞÞðk3P 1 þ 2P 1ð2kaP 1 � kdh01ðP 1ÞÞÞ
ðJ p þ P 1 þ rh1ðP 1ÞÞ2

þ rðP 1h01ðP 1Þ � h1ðP 1ÞÞðk3P 1 þ 2ðkaP 2
1 � kdh1ðP 1ÞÞÞ

ðJ p þ P 1 þ rh1ðP 1ÞÞ2
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and
GðP 1Þ ¼ h02ðP 1Þh4ðP 1Þ � h04ðP 1Þh2ðP 1Þ ¼
mmP 2

c

km

2h1ðP 1Þh01ðP 1Þðk3P 1 þ 2ðkaP 2
1 � kdh1ðP 1ÞÞÞ

ðP 2
c þ P 2

2Þ
2

þ mmP 2
c

km

k3 þ 2ð2kaP1� kdh01ðP 1ÞÞ
P 2

c þ P 2
2

:

The inequalities in Propositions 3–6 show that each term is positive in the above expressions of F ðP 1Þ and
GðP 1Þ. h

Let us denote the denominator of mp; k1 in (11), (12) with NðP 1Þ.

Lemma 8. For any values of the parameters we have

(1) Nð0Þ < 0,
(2) limP 1!1NðP 1Þ ¼ 0,
(3) NðP 1Þ < 0, if P1 is large enough.
Proof. We can see that in the case P 1 ¼ 0 the nonnegative solution of (6) is P 2 ¼ 0 therefore h1ð0Þ ¼ 0. This
implies h2ð0Þ ¼ mm

km
. From the definition of h3 we get h3ð0Þ ¼ 0 and h03ð0Þ ¼ � 1

Jp
. Thus Nð0Þ ¼ h2ð0Þh03ð0Þ�

h02ð0Þh3ð0Þ ¼ � mm
kmJp

< 0.
To verify 2 one should notice that
h1ðP 1Þ ¼ OðP 2
1Þ; h01ðP 1Þ ¼ OðP 1Þ for P 1 ! þ1:
After some elementary calculation we get
NðP 1Þ ¼
mmP 2

cðrP 2
c � 2h1ðP 1ÞðJ p þ P 1Þ � ðrh1ðP 1Þ þ J pÞðP 2

c þ h2
1ðP 1ÞÞÞ

kmðP 2
c þ h2

1ðP 1ÞÞ2ðJ p þ P 1 þ rh1ðP 1ÞÞ2
:

Hence the highest order term in the numerator of NðP 1Þ is OðP 6
1Þ and in the denominator it is OðP 12

1 Þ. Thus
limP 1!1NðP 1Þ ¼ 0. Moreover, the highest order term in the numerator has negative sign, which proves that
NðP 1Þ < 0 for large P1. h

Lemma 9

(1) If NðP 1Þ < 0 for all P 1 > 0, then the D-curve lies in the negative quadrant.

(2) If there exists an open interval ðp1; p2Þ 2 R for which NðP 1Þ > 0 for all P 1 2 ðp1; p2Þ and NðP 1Þ < 0 for all

P 1 2 R n ðp1; p2Þ, then the D-curve consists of three branches (the curve is not connected). The branch

belonging to the interval ðp1; p2Þ is in the positive quadrant, the others are in the negative quadrant.
Proof. It is easy to see, that Lemmas 7 and 8 imply Lemma 9. h

We plotted the D-curve numerically for different values of parameters Pc, Jp, ka, kd, r. The other parameters
were fixed by the values given in [2] as follows:
k2 ¼ 0:03; k3 ¼ 0:1; km ¼ 0:1; mm ¼ 1;

P c ¼ 0:1; J p ¼ 0:05; ka ¼ 200; kd ¼ 1; r ¼ 2: ð21Þ
We found, that if Pc is small then the D-curve consist of one arc, lying in the negative quadrant and has no
cusp point, see Fig. 1 for P c ¼ 0:01 for the given values of the other parameters. In Fig. 1 we plotted the NðP 1Þ
denominator of mp, the D01ðP 1Þ derivative of the first coordinate of the D-curve, and the D-curve, respectively.
One can see that NðP 1Þ < 0 for all P1) and D01ðP 1Þ 6¼ 0 for all P 1 > 0.

At a certain value of Pc a swallowtail arises and it remains in the negative quadrant, as shown in Fig. 2 for
P c ¼ 0:1. This bifurcation value is approximately 0.0629, if the values of other parameters fixed as in (21). The



 P1

N

N

P1
D1’N(P1)

p

k1

D(P1)

Fig. 1. The NðP 1Þ denominator of mp, the D01ðP 1Þ derivative of the first coordinate of the D-curve and the D-curve for P c ¼ 0:01.
NðP 1Þ < 0; D01ðP 1Þ < 0. The D-curve lies in the negative quadrant and has no cusp.

P1
N

N(P1)

P1

D1
,                    

p

k1

D(P1)

Fig. 2. NðP 1Þ, D01ðP 1Þ and the D-curve for P c ¼ 0:1. NðP 1Þ < 0. D01ðP 1Þ has two roots, hence the D-curve has a swallowtail, i.e. two cusp in
the negative quadrant.
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D-curve has a cusp only if P1 is the solution of the system D01ðP 1Þ ¼ 0; D02ðP 1Þ ¼ 0. As it can be seen, D01ðP 1Þ
has two roots. At these values, the D-curve has two cusps.

Reaching a certain value of Pc – let it be denoted by bP c – the D-curve splits into two parts across the swal-
lowtail, one cusp remains in the negative quadrant, one cusp lies in the positive quadrant, see Fig. 3 for
P c ¼ 0:3. In this case the D-curve has a branch in the positive quadrant.

If P c < bP c, then NðP 1Þ < 0 for all P 1 P 0. If P c P bP c, then there is an open interval ðp1; p2Þ � R, where
NðP 1Þ > 0 for all P 1 2 ðp1; p2Þ, and NðP 1Þ < 0 outside interval ½p1; p2�. The bifurcation value bP c is determined
by the system
NðP 1Þ ¼ 0; N 0ðP 1Þ ¼ 0:
Our numerical studies shows that bP c � 0:1408 for the above values of the other parameters.
According to our numerical investigations changing P c; J p; ka; kd cause qualitative changes in the shape of

D-curve. We found that parameter Jp cause similar changes in the shape of D-curve, but changing the value of
K ¼ ka=kd the D-curve do not split into two branches. However for small values of K a swallowtail arises, but
the denominator NðP 1Þ is negative for all K, hence there is no such value of P1 when ðmp; k1Þ is in the positive
quadrant.

Because of Lemmas 8 and 9 the D-curve belongs to one of the next two classes:

D1 The D-curve lies in the negative quadrant.
D2 One branch of the D-curve lies in the positive quadrant, the other part of the curve is in the negative

quadrant. The branches has common asymptotes in the breaking points. The branch in the positive
quadrant has a cusp point.
Remark 10. In fact, the D-curve can have three different shapes as it is shown in Figs. 1–3. However,
according to the number of stationary points there are only two cases as the following theorem shows.
P1

N

N(P1)

p

k1

D

Fig. 3. NðP 1Þ and the D-curve for P c ¼ 0:3 NðP 1Þ has two roots, the D-curve has a cusp in the positive quadrant.
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Theorem 11

(1) If the D-curve belongs to class D1 and mp; k1 are positive, then the system (1)–(3) has one stationary point

with positive coordinates.
(2) If the D-curve belongs to class D2 and mp; k1 are positive, then there are two cases. If ðmp; k1Þ is inside the

cusp of the D-curve lying in the positive quadrant, then the system (1)–(3) has three stationary points with

positive coordinates. If ðmp; k1Þ is outside the cusp, then there is one stationary point.
Proof. We distinguish two cases. First we suppose that there exists no swallowtail on the D-curve, hence the
curve consist of only one arc. Since the D-curve lies in the negative quadrant, one can draw only one tangent to
the D-curve from any point in the positive quadrant. Then the statement follows from the tangential property
Lemma 1.

Now let us suppose, that there is a swallowtail on the D-curve, hence the D-curve consist of three arcs. Let
us observe, that if there is a tangent from a point of the positive quadrant to one arc, there exists no tangent to
the other two arcs. We may finish our proof by Lemma 1.

To prove 2, we use the convexity property. According to Lemma 2 to get the number of tangents that can
be drawn from a given ðmp; k1Þ to the D-curve, we have to determine the tangents from a given ðmp; k1Þ to the
separate arcs of the D-curve, and then sum these numbers. If ðmp; k1Þ is inside the cusp, then one tangent can be
drawn to the negative part of the D-curve, and two can be drawn to the positive branch, hence there are three
tangents. If ðmp; k1Þ is outside the cusp there exist no tangent from ðmp; k1Þ to the positive branch of the D-
curve, that is only one tangent exist. This completes the proof of Theorem 11. h
3. The H-curve

The Jacobian of the system (1)–(3) takes the form
J ¼
a11 0 a13

mp k1c1 þ c2 k1c3 þ c4

0 a32 a33

0
B@

1
CA;
where
a11 ¼ �km; a13 ¼ �
2mmP 2P 2

c

ðP 2
2 þ P 2

cÞ
2
; c1 ¼ �

J p þ rP 2

ðJ p þ P 1 þ rP 2Þ2
;

c2 ¼ �k3 � 4kaP 1; c3 ¼
P 1r

ðJ p þ P 1 þ rP 2Þ2
; c4 ¼ 2kd ;

a32 ¼ 2kaP 1 þ
k2P 2

ðJ p þ P 1 þ rP 2Þ2
; a33 ¼ �k3 � kd � k2

J p þ P 1

ðJ p þ P 1 þ rP 2Þ2
:

The stability of the stationary points can be determined by
g ¼ TrJðA11 þ A22 þ A33Þ �Det J
because it can be proved, that if the Jacobian of the system (1)–(3) has two pure imaginary eigenvalues, then
g = 0. Here Tr J and Det J denote the trace and the determinant of the Jacobian J, and A11; A22; A33 are the
corresponding minors of J. It can be shown that g = 0 and sgnDet J ¼ sgn TrJ imply that the Jacobian has
two pure imaginary eigenvalues hence there is a Hopf-bifurcation point. However, if g = 0 and
sgnDetJ 6¼ sgnTrJ , then the Jacobian has only real eigenvalues, thus there is no Hopf-bifurcation.

We define the H-curve in the ðmp; k1Þ parameter plane by the Eq. (9) and g = 0. That is the parametric form
of the H-curve is H 1ðP 1Þ ¼ mp, H 2ðP 1Þ ¼ k1 where mp and k1 is determined by the system
mph2ðP 1Þ þ k1h3ðP 1Þ þ h4ðP 1Þ ¼ 0;

TrJðA11 þ A22 þ A33Þ �Det J ¼ 0:
ð22Þ
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From Eq. (9) we get mp ¼ �k1h3ðP 1Þ�h4ðP 1Þ
h2ðP 1Þ

. Hence we have
ak2
1 þ bk1 þ c ¼ 0 ð23Þ
from (22), where
a ¼ c2
1ða11 þ a33Þ � c1c3a32;

b ¼ c1ða11 þ a33Þðða11 þ a33Þ þ 2c2Þ � a32ðc1c4 þ c2c3 þ c3a33Þ þ a13a32

h3ðP 1Þ
h2ðP 1Þ

;

c ¼ ða11 þ a33Þðc2ða11 þ a33Þ þ ðc2
2 þ a11a33ÞÞ � c4a32ðc2 þ a33Þ þ a13a32

h4ðP 1Þ
h2ðP 1Þ

:

In order to plot the H-curve we have to solve first (23) for different values of P1. For the existence of the
solutions the discriminant should be positive and a 6¼ 0. We found numerically that c < 0 for all P1 and the
function a has a root (not depending on Pc), which we denote by /. For P 1 > / we have aðP 1Þ > 0. Thus
the discriminant of (23) d :¼ b2 � 4ac > 0, when P 1 > /. However, we found that there is a small interval
ðb1; b2Þ where the discriminant is negative. As we have seen, for positive a the discriminant is positive,
therefore / > b2. If P 1 > b2 then d > 0 and there are two solutions of (23): kþ1 ; k

�
1 . We found that k�1 <

0 for all P 1 and it is easy to see that kþ1 > 0 for P 1 > /. Since we consider only the part of the H-curve
lying in the positive quadrant we plot the points ðmp; k

þ
1 Þ. Thus HðP 1Þ is defined for P 1 62 ðb1; b2Þ and

P 1 6¼ /.
The qualitative shape of the H-curve for P 1 > / is shown in Fig. 4a for small Pc, namely for P c ¼ 0:01 (the

other parameter values are fixed as in (21)). Increasing Pc at a certain value P~c , approximately at P~c � 0:26 a
cusp point appears in the H-curve as shown in Fig. 4b. If P c > P~c then the H-curve has a loop, see Fig. 4c.

According to our numerical studies the H-curve belongs to one of the following two classes.

H1 The positive part of the H-curve has no self intersection point.
H2 The positive part of the H-curve has a self intersection point, i.e. the H-curve has a loop.

Now let us study the mutual position of the D-curve and the H-curve. Their most important common point
is the Takens–Bogdanov bifurcation point, where they are tangential to each other. Both curves are param-
etrized by P1. At the parameter value P 1 ¼ P TB

1 there is a Takens–Bogdanov bifurcation point if D1ðP TB
1 Þ ¼

H 1ðP TB
1 Þ and D2ðP TB

1 Þ ¼ H 2ðP TB
1 Þ, i.e. at the common point they have the same parameter, [5]. In Fig. 5 we

plotted the function P 1 7!D1ðP 1Þ � H 1ðP 1Þ for two different values of Pc. Takens–Bogdanov bifurcation occurs
at the roots of this function. It is important to note that this function is not defined at the root of a denoted by
/, and at the roots of N, which are denoted by s and q (we assume here bP c < P c, hence the root exist and by
definition s < q). In Fig. 5a for P c ¼ 0:15 s > /, and in Fig. 5b P c ¼ 0:19, and s < /. One can see, that in
Fig. 5a there is no root of the function and in Fig. 5b there are two roots of the function D1ðP 1Þ � H 1ðP 1Þ.
One root is smaller than / hence this common point is in the negative quadrant, the other is in the positive
quadrant, since the corresponding P1 is bigger than /. The function P 1 7!D2ðP 1Þ � H 2ðP 1Þ can be drawn sim-
ilarly. There must be a bifurcation value of Pc between 0:15 and 0:19 at which the Takens–Bogdanov bifur-
cation point is born. This value is P€c � 0:1873, for smaller values of Pc there is no Takens–Bogdanov
bifurcation point.
k1 k1 k 1

p p p

Fig. 4. H-curves for P c ¼ 0:01; P c ¼ 0:26; P c ¼ 0:65.
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Fig. 5. The function D1ðP 1Þ � H 1ðP 1Þ for P c ¼ 0:15, s > / hence no Takens–Bogdanov point; and for P c ¼ 0:19, s < / there are two
Takens–Bogdanov points.
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Fig. 6. D-curve, H-curve and E1; E2 domains for P c ¼ 0:01.
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We describe the changes of the D-curve, the H-curve and their mutual position as Pc is increasing.

(1) If P c < bP c � 0:1408, then the D-curve belongs to class D1 and the H-curve to class H1. The H-curve
divide the positive quadrant into domain E1 and E2. See Fig. 6.

(2) If bP c < P c < P€c � 0:1873, then the D-curve belongs to class D2, and the H-curve to H1. These curves
have no common point, hence there is no Takens–Bogdanov bifurcation point.

(3) If P€c < P c < P~c � 0:26, then the D-curve belongs to class D2, and the H-curve to H1 and the curves
have two common points. One Takens–Bogdanov point is in the negative quadrant, and the other is
in the positive quadrant.

(4) If P c ¼ P~c � 0:26, then the H-curve has a cusp point.
(5) If P~c < P c then the D-curve belongs to D2 and the H-curve belongs to class H2 and the H-curve has a

loop that contains a Takens–Bogdanov point. This point divides the H-curve into two parts and Hopf-
bifurcation occurs only on one of them, where sgnDet J ¼ sgn TrJ . In Fig. 7 the case P c ¼ 0:5 is shown.
The curves have a common point at P 1 � 0:0287 ¼ P TB

1 . If / < P 1 < P TB
1 then for the ðmp; k1Þ points of

the H-curve sgnDet J 6¼ sgnTr J hence there is no Hopf-bifurcation at these points. This part of the
H-curve will be referred to as the virtual part of the H-curve. At the points where P 1 > P TB

1 there is
Hopf-bifurcation. In Fig. 7 the virtual part of the H-curve is not shown, but the regions determined
by the D-curve and H-curve are notated.
4. Stationary points

We studied the stability of the stationary points in the different cases belonging to the mutual position of
the D- and H-curve. According to our numerical investigation the following statements hold. For brevity we
discuss only the next two cases, the others can be studied similarly.

Fact 12. Let the D-curve belong to class D1, and the H-curve belong to class H1, and mp; k1 positive. We use
the notations shown in Fig. 6.
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Fig. 7. D-curve, H-curve and E1; E2; E3; E4 domains for P c ¼ 0:5.
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(1) If ðmp; k1Þ 2 E1, then the system (1)–(3) has one stationary point and it is stable.
(2) If ðmp; k1Þ 2 E2, then the system (1)–(3) has one stationary point and it is unstable.
To calculate the number of stationary points we used Theorem 11. To determine the stability of the station-
ary points it is enough to find the eigenvalues of the Jacobian for an arbitrarily chosen parameter point in each
domain, since inside a domain the stability of the steady states cannot change. We found, that if ðmp; k1Þ 2 E1,
every eigenvalues have negative real part and if ðmp; k1Þ 2 E2, then there is an eigenvalue with positive real part.

Fact 13. Let the D-curve belong to class D2, and the H-curve belong to class H2, and mp; k1 positive. We use
the notations shown in Fig. 7.

(1) If ðmp; k1Þ 2 E1, then the system (1)–(3) has one stationary point and it is stable.
(2) If ðmp; k1Þ 2 E2, then the system (1)–(3) has one stationary point and it is unstable.
(3) If ðmp; k1Þ 2 E3, then the system (1)–(3) has three stationary points. Two of them are unstable, and one is

stable.
(4) If ðmp; k1Þ 2 E4, then the system (1)–(3) has three stationary points. Two of them are stable, and one is

unstable.
5. Comparison of the models

We have determined the D-curve (saddle-node curve) and the H-curve (Hopf-bifurcation curve) for our
three-variable system (1)–(3). These curves were also determined for the simplified two-variable system (4),
(5) in [3]. Now we compare these curves. The shape of the bifurcation curves are very similar in the two mod-
els. The D-curve can have three different shapes depending on the parameter values as it is shown in Figs. 1–3
in both models. The bifurcation values of Pc where the shape changes were determined for both models. These
are shown in Table 1. We can see that not only the shape of the curves are similar but also the bifurcation
parameter values are close to each other. The H-curve can have two different shapes in both models. In
one case it has no self intersection point in the positive quadrant, in the other case it has a loop. The bifur-
cation value of Pc where the loop appears is also given in Table 1. The mutual position of the D-curve and
Table 1
Bifurcation values of Pc in the two-variable model [3] and in the three-variable model

The bifurcation 2-Variable model 3-Variable model

D-curve cusp <0.15 0.0629
D-curve splits 0.1704 0.1408
Takens–Bogdanov 0.3039 0.1873
H-curve loop 0.3415 0.26
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the H-curve is characterized by the Takens–Bogdanov bifurcation point, where they have a common tangent.
The bifurcation value of Pc where the Takens–Bogdanov bifurcation occurs is also given in Table 1 for both
models.

The two-variable model is suitable for further work if only the qualitative shape of curves are discussed. If
the bifurcation values are needed, the three-variable model should be investigated.
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